Abstract. In this paper, the reduction of biharmonic map equation in terms of the Maurer-Cartan form for all smooth map of an arbitrary compact Riemannian manifold into a compact Lie group (G, h) with bi-invariant Riemannian metric h is obtained. By this formula, all biharmonic curves into compaqct Lie groups are determined, and all the biharmonic maps of an open domain of R 2 with the conformal metric of the standard Riemannian metric into (G, h) are determined.
Introduction and statement of results.
The theory of harmonic maps into Lie groups, symmetric spaces or homogeneous spaces has been extensively studied related to the integrable systems by many mathematicians (for examples, [6] , [7] , [3] , [2] ). In this paper, we want to build a bridge between the theory of biharmonic maps into Lie groups and the integrable systems extending the above harmonic map theory. the bi-invariant Riemannian metric on G corresponding to the Ad(G)-invariant inner product , on g.
The energy functional on the space C ∞ (M, G) of all C ∞ maps of M into G is defined by
and for a C ∞ one parameter deformation ψ t ∈ C ∞ (M, G) (−ǫ < t < ǫ) of ψ with ψ 0 = ψ, the first variation formula is given by
where V is a variation vector field along ψ defined by V = {∇ e i (∇ e i V ) − ∇ ∇e i e i V },
Here, ∇ is the induced connection on the induced bundle ψ −1 T G, and is R h is the curvature tensor of (G, h) given by R h (U,
The bienergy functional is defined by 2) and the first variation formula of the bienergy is given (cf. [4] ) by
where the bitension field τ 2 (ψ) is defined by
Determination of the bitension field
Now, let θ be the Maurer-Cartan form on G, i.e., a g-valued left invariant 1-form on G which is defined by θ y (Z y ) = Z, (y ∈ G, Z ∈ g). For every C ∞ map ψ of (M, g) into (G, h), let us consider a g-valued 1-form α on M given by α = ψ * θ. Then, it is well known (see for example, [2] ) that
where α = ψ * θ, and θ is the Maurer-Cartan form of G. Thus, ψ : (M, g) → (G, h) is harmonic if and only if δα = 0.
Furthemore, let {X s } n s=1 be an orthonormal basis of g with respect to the inner product , . Then, for every V ∈ Γ(ψ −1 T G),
for all x ∈ M. Then, for every X ∈ X(M),
where we regarded a vector field Y ∈ X(G) to be an element in Γ −1 (T G) by
and we useed the compatibility condition:
, can be written as
which yields that
for all x ∈ M.
Here, let us recall that the Levi-Civita connection ∇ h of (G, h) is given (cf. [5] Vol. II, p. 201, Theorem 3.3) by 5) where the structure constant C ℓ ts of g is defined by
and satisfies that
Thus, we have by (3.4) and (3.5),
because we have
and
Substituting (3.8) and (3.9) into the above, we have the last equality of (3.7). Therefore, we obtain the following lemma together with (3.7) and (3.3).
where V ∈ Γ(ψ −1 T G) and X ∈ X(M).
We show
where α = ψ * θ.
Here, let us recall the definition:
and its trace
Then, we have imediately by Theorem 3.3,
We give a proof of Theorem 3.3.
where
is a locally defined orthonormal frame field on (M, g), and ∆ g is the (positive) Laplacian of (M, g) acting on C ∞ (M). Indeed, we have by using Lemma 3.2 twice,
Here, we have
which we substitute into (3.18), and by definition of ∆ g , we have (3.17).
(The second step) On the other hand, we have to consider
Under the identification T e G ∋ Z e ↔ Z ∈ g, we have
respectively.
Because, we have
which implies that (3.20) . By the same way, we have (3.21).
Under this identification, the curvature tensor (G, h) is given as (see , pp. 203-204)),
and then, we have
(The third step) By (3.17) and (3.22), for V ∈ Γ(ψ −1 T G), we have
Then, (3.24) implies the desired (3.11).
Biharmonic maps from R into compact Lie groups
In this section, we consider the simplest case: the standard 1-dimensional Euclidean space, (M, g) = (R, g 0 ) and (G, h), an n-dimensional compact Lie group with the bi-invariant Riemannian metric h.
So, α can be written at t ∈ R as
Here, since
we have
so that we have the following correspondence:
4.2 We first show that
Proof. Indeed, we have
Therefore, we have ψ : (R, g 0 ) → (G, h) is harmonic if and only if
since
for some X ∈ g which yields that
for some Y ∈ g. Therefore, any geodesic through ψ(0) = x is given by
for some X ∈ g and Y ∈ g.
On the other hand, we want to determine a biharmonic curve ψ : (R, g 0 ) → (G, h). By (4.6), we have
so by (4.9), (4.10), and (3.16) in Corollary 3.5, ψ : (R, g 0 ) → (G, h) is biharmonic if and only if
By choosing a local coordinate on a neighborhood U around e ∈ G as
we may take as a local coordinate on x U around each
Then, every C ∞ curve ψ : R ∋ t → ψ(t) ∈ G with ψ(0) = x can be written locally by
Then, for (4.8), and for (4.15),
so we have
Thus, a C ∞ curve ψ : R ∋ t → ψ(t) ∈ G is biharmonic if and only if
where we put [X i , X j ] = n k=1 C k ij X k . Therefore, if we put y k (t) := x ′ k (t) (k = 1, · · · , n), (4.13) is reduced to the following third order ODE's:
Thsu, we can summarize the above as follows:
) is harmonic if and only if ψ(t) = x exp(t X + Y ) for some X, Y ∈ g.
(2) A C ∞ curve ψ : R ∋ t → ψ(t) ∈ (G, h) is biharmonic if and only if the ODE 's (4.18) or (4.19) hold.
4.3
Now, we determine a biharmonic curve ψ : R ∋ t → ψ(t) ∈ (G, h) when G = SU(2) with the biinvariant Riemannian metric h which corresponds to the following Ad(SU(2))-invariant inner product , on g = su(2) = {X ∈ M(2, C); X + t X = 0, Tr(X) = 0}.
X, Y = −2Tr(XY ) (X, Y ∈ su(2)).
If we choose
then {X 1 , X 2 , X 3 } is an orthonormal basis of (su(2), , ), and satisfies the Lie bracket relations:
Thus, the ODE's (4.19) becomes Let {e 1 (s), e 2 (s), e 3 (s)} be the Frenet frame field along x(s). Recall the Frenet-Serret formula:
where κ, τ are the curvature, and torsion of x(s), respectively. Then, we have which is equivalent to
(4.24)
Then, the only solution of (4.24) is
, and
The unique solution of (4.25) is given by
for some positive constant a > 0. Therefore, an arbitrary biharmonic curve ψ : (R, g 0 ) → (SU(2), h) is given as follows:
for some x, y ∈ SU(2), a > 0, and X ∈ su(2). Thus, we have Theorem 4.2. An arbitrary biharmonic curve ψ : (R, g 0 ) → (SU(2), h) is given as (4.27).
Biharmonic maps from an open domain in R 2
In this section, we consider a biharmonic map ψ : (R 2 , g) ⊃ Ω → (G, h). Here, we assume that G is a linear compact Lie group, i.e., G is a subgroup of the unitary group U(N) (⊂ GL(N, C) ) of degree N with a bi-invariant Riemannian metric h on G. Let g be the Lie algebra of G which is a Lie subalgebra of the Lie algebra u(N) of U(N). The Riemannian metric g on R 2 is a conformal metric which is given by g = µ 2 g 0 with a C ∞ positive function µ on Ω and g 0 = dx · dx + dy · dy, where (x, y) is the standard coordinate on
Then,
are g-valued C ∞ functions on Ω. It is known that, for two given gvalued 1-forms A x and A y on Ω, the exists a C ∞ mapping ψ : Ω → G satisfying the equations (5.1) if the integrability condition holds:
The pull back of the Maurer-Cartan form θ by ψ is given by
which is a g-valued 1-form on Ω. Then, we have the following well known facts:
Lemma 5.1. 
Next, we calculate the Laplacian ∆ g of (R 2 , g) with g = µ 2 g 0 . We obtain
(5.8)
Thus we have
On the other hand, by taking an orthonormal local frame field {e 1 , e 2 } of (R 2 , g), as e 1 = µ
(5.10) By (5.9) and (5.10), we obtain
where in the last equation, we only notice that
Thus, we have where (A x + iA y ). Then, it is well known that
and also
Then, the conditions (5.19) and (5.20) are equivalent to that
Determination of biharmonic maps
We will determine all the biharmonic maps of (Ω, g) into a compact Lie group (G, h) where g = µ −2 g 0 with a positive C ∞ function on Ω and h is a bi-invariant Riemannian metric on G. We divide three steps.
(The first step) We solve first the harmonic map equation: Now, we introduce a loop group formulation for biharmonic maps. We first, consider a g C -valued 1-forms
for a parameter λ ∈ S 1 , which satisfy that dβ λ + [β λ ∧ β λ ] = 0 (∀ λ ∈ S 1 ). (7.6)
Next, we consider g C -valued 1-forms
